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Abstract
We consider systems of local variational problems defining non vanish-
ing cohomolgy classes. In particular, we prove that the conserved current
associated with a generalized symmetry, assumed to be also a symmetry of
the variation of the corresponding local inverse problem, is variationally
equivalent to the variation of the strong Noether current for the corre-
sponding local system of Lagrangians. This current is conserved and a
sufficient condition will be identified in order such a current be global.
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1 Introduction
The aim of this paper is the study of Noether conservation laws associated with
some ‘variational’ invariance of global Euler-Lagrange morphisms of local prob-
lems of a given type. In this context, the question arises whether we would
be interested in conservation laws different from those directly associated with
invariance properties of field equations. The answer to this question relays on
Emmy Noether’s famous and celebrated paper Invariante Variationsprobleme
[16]. As it is well known, Noether’s paper was motivated by the fact that, al-
though the gravitational field equations were global, the associated conservation
laws found by Einstein by a nonvariational approach were not (think of the well
known energy-momentum pseudo-tensor). The underlying idea was that of look-
ing for conservation laws coming from invariance properties of a (possibly local)
Lagrangian (rather than a field equation solely) to find a way of associating
global conservation laws with the gravitational field.
Explicitly, in the introduction of her paper, Noether wrote: U¨ber diese
aus Variationsproblemen entspringenden Differentialgleichungen lassen sich viel
pra¨zisere Aussagen machen als u¨ber beliebige, eine Gruppe gestattende Differ-
entialgleichungen, die den Gegenstand der Lieschen Untersuchungen bilden; so
1
2underlining the relevance of the study of differential equations generated by an
invariant variational problem in its whole rather than of arbitrary differential
equations admitting a Lie group of symmetries. It is pointed out that consid-
ering invariance of variational problems the issue is a major refinement in the
results: to symmetries of equations could correspond conservation laws which
have a nonvariational meaning and thus could not be characterized in a similar
precise manner.
In fact, contrarily to what sometime improperly stated, Noether’s Theorem
(I and II Theorems actually) were not ‘formulated for Euler-Lagrange equations
in field theory’, rather they are statements about the invariance of the varia-
tional problem (in other words, of the action integral) with respect to a finite
continuous group of transformations and an infinite continuous group of trans-
formations, respectively. The direct object of Noether’s investigations are what
she calls Lagrangeschen Ausdru¨cke; d.h. die linken Seiten der Lagrangeschen
Gleichungen, which we shall call hereafter Euler-Lagrange expressions. The
accent is not put on field equations although her results have, of course, also
consequences concerning invariance properties of equations. It is maybe note-
worthy that all Noether considerations are made ‘off shell’, i.e. not along so-
lutions of Euler-Lagrange equations; in particular it is an evident matter that,
‘on shell’ Noether identities would reduce to the trivial identity 0 = 0. It is
also important to stress that Noether immediately consider the formulation of
a variational problem at an infinitesimal level (integralfreie Identita¨t).
Noether’s Theorem II is in fact concerned with a variation of the Euler-
Lagrange expressions. Symmetry properties of the Euler-Lagrange expressions
play a fundamental role since they introduce a cohomology class which adds up
to Noether currents 1; they are related with invariance properties of the first
variation, thus with the vanishing of a second variational derivative. As we
shall see later on, the concept of a variation of Noether current is then clearly
involved. In this paper, therefore, symmetries of Euler-Lagrange morphisms or,
more generally, of so-called variational ‘dynamical forms’ are considered inso-
much as they can provide informations about Noether currents of some potential
Lagrangians, also in the spirit of the Bessel-Hagen version of Noether’s Theo-
rem II [3]. We would like to stress that a Noether current is not necessarily
a conserved current. We shall investigate under which conditions the variation
of a strong Noether current is conserved: the vanishing of the second varia-
tional derivative will be involved; but an additional sufficient condition will be
identified in order such a current be global.
Geometric definitions of conserved quantities in field theories have been
proposed within formulations based on symmetries of Euler-Lagrange opera-
tor rather than of the Lagrangian (see e.g. [22, 2]). In particular, a definition
of variation of conserved currents for gauge-natural theories [6] has been pro-
posed in [10] where the first variation of a ‘deformed’ (also called there ‘vari-
ational’) Lagrangian – obtained by contracting the Euler-Lagrange term with
the infinitesimal symmetry defined by preferred lifts of infinitesimal principal
1A formulation in modern language of Noether’s results.
3automorphisms (gauge-natural lifts) – was considered. On the other hand, with-
out the fixing of a connection a priori, the gauge-natural second variational
derivative of gauge-natural invariant Lagrangian has been exploited in order to
construct Noether covariant conserved current [17, 18], by showing the relation-
ship of the Bergmann–Bianchi morphism with the variational derivative of a
conveniently deformed (gauge-natural) Lagrangian and with Noether identities:
generalized symmetries and some version of Noether’s Theorem II play a funda-
mental role [8, 9]; see also [23] for a characterization of superpotentials in gauge
theories. Strictly related with the present approach are also papers proposing
the concept of relative conservation laws; see e.g. [7].
Inspired by Noether’s results and by Lepage’s seminal paper [15], geomet-
rical formulations of the calculus of variations on fibered manifolds constitute
a large class of theories for which the Euler–Lagrange operator is a morphism
of an exact sequence, see e.g. [1, 5, 14, 24, 25, 26]. The module in degree
(n + 1), contains so-called (variational) dynamical forms; a given equation is
globally an Euler–Lagrange equation if its dynamical form is the differential of
a Lagrangian and this is equivalent to the dynamical form being closed in the
complex, i.e. Helmholtz conditions hold true, and its cohomolgy class being triv-
ial. Dynamical forms which are only locally variational, i.e. which are closed in
the complex and define a non trivial cohomology class, admit a system of local
Lagrangians, one for each open set in a suitable covering, which satisfy certain
relations among them. Global projectable vector field on a jet fiber manifold
which are symmetries of dynamical forms, in particular of locally variational
dynamical forms, and corresponding formulations of Noether theorem II can
be considered in order to determine obstructions to the globality of associated
conserved quantities [11]. Analogously, the concept of global (and local) varia-
tionally trivial Lagrangians and, in general, of variationally trivial currents (i.e.
(n− 1)-forms) will be fundamental in this paper.
In fact, in the sequel, a locally variational form is any closed p-form in the
variational sequence; we will be faced with inverse problems at any degree of
variational forms.
The role, in the cohomology, of the variational Lie derivative, a differential
operator acting on equivalence classes of forms in the variational sequence, has
very relevant implications in the calculus of variations. Iterated variational
derivatives define higher order variations [12, 17, 19]; thus variations of currents
can be recognized in this approach. Consequently, we shall now study variations
of conserved currents in a quite general setting.
2 Equivalence of local variational problems
We shall consider the variational sequence [14] defined on a fibered manifold
π : Y →X, with dimX = n and dimY = n+m. For r ≥ 0 we have the r–jet
space JrY of jet prolongations of sections of the fibered manifold π. We have
also the natural fiberings πrs : JrY → JsY , r ≥ s, and π
r : JrY → X; among
these the fiberings πrr−1 are affine bundles which induce the natural fibered
4splitting
JrY ×Jr−1Y T
∗Jr−1Y ≃ JrY ×Jr−1Y (T
∗
X ⊕ V ∗Jr−1Y ) ,
which, in turn, induces also a decomposition of the exterior differential on Y
in the horizontal and vertical differential , (πr+1r )
∗◦ d = dH + dV . By (jrΞ, ξ)
we denote the jet prolongation of a projectable vector field (Ξ, ξ) on Y , and by
jrΞH and jrΞV the horizontal and the vertical part of jrΞ, respectively.
We have the sheaf splittingHp(s+1,s) =
⊕p
t=0 C
p−t
(s+1,s) ∧H
t
s+1 whereH
p
(s,q) and
Hps (q ≤ s) are sheaves of horizontal forms, and C
p
(s,q) ⊂ H
p
(s,q) are subsheaves
of contact forms [14]. Let us denote by h the projection onto the nontrivial
summand with the higest value of t and by d kerh the sheaf generated by the
corresponding presheaf and set then Θ∗r ≡ kerh + d kerh; the quotient sequence
0 // IRY // . . . //
En−1
Λnr /Θ
n
r
//
En
Λn+1r /Θ
n+1
r
//
En+1
Λn+2r /Θ
n+2
r
//
En+2
. . . //
d
0
defines the r–th order variational sequence associated with the fibered manifold
Y → X ; here Λps is obviously the standard sheaf of p–forms on JsY . The
quotient sheaves (the sections of which are classes of forms modulo contact
forms) in the variational sequence can be represented as sheaves Vkr of k-forms
on jet spaces of higher order. In particular, currents are classes ν ∈ (Vn−1r )Y ;
Lagrangians are classes λ ∈ (Vnr )Y , while En(λ) is called a Euler–Lagrange
form (being En the Euler–Lagrange morphism); dynamical forms are classes
η ∈ (Vn+1r )Y and En+1(η) is a Helmohltz form (being En+1 the corresponding
Helmholtz morphism).
It turns out that the variational sequence is an exact resolution of the con-
stant sheaf IRY over Y . Since the variational sequence is a soft resolution of the
constant sheaf IRY over Y , the cohomology of the complex of global sections,
denoted by H∗V S(Y ), is naturally isomorphic to both the Cˇech cohomology of Y
with coefficients in the constant sheaf IR and the de Rham cohomology H∗dRY
[14].
Let Kpr
.
= Ker Ep. We have the short exact sequence of sheaves
0 //Kpr //
i
Vpr //
Ep
Ep(V
p
r ) // 0 .
For any global section β ∈ (Vp+1r )Y we have β ∈ (Ep(V
p
r ))Y if and only if
Ep+1(β) = 0, which are conditions of local variationality. A global inverse prob-
lem is to find necessary and sufficient conditions for such a locally variational β
to be globally variational. In particular, En(V
n
r ) is the sheave of Euler–Lagrange
morphisms and η ∈ (En(V
n
r ))Y if and only if En+1(η) = 0, which are Helmholtz
conditions.
The above exact sequence gives rise to the long exact sequence in Cˇech
cohomology
0 // (Kpr)Y // (V
p
r )Y // (Ep(V
p
r ))Y //
δp
H1(Y ,Kpr) // 0 .
In particular, every η ∈ (En(V
n
r ))Y (i.e. locally variational) defines a coho-
mology class δ(η) ≡ δn(η) ∈ H
1(Y ,Knr ) ≃ H
n+1
V S (Y ) ≃ H
n+1(Y , IR). Fur-
thermore, every µ ∈ (dH(V
n−1
r ))Y (i.e. locally variationally trivial) defines a
cohomology class δ′(µ) ≡ δn−1(µ) ∈ H
1(Y ,Kn−1r ) ≃ H
n
V S(Y ) ≃ H
n(Y , IR).
5For any countable open covering U = {Ui}i∈I , I ⊂ Z, C
q(U,Vpr ) is the set of
q–cochains with coefficients in the sheaf Vpr , if d : C
q(U,Vpr ) → C
q+1(U,Vpr ) is
the coboundary operator, the connecting homomorphism δp = i
−1 ◦d◦E−1p is the
mapping of cohomologies in the corresponding diagram of cochain complexes.
Note that η is globally variational if and only if δ(η) = 0. In the following
we will be interested in the non trivial case δ(η) 6= 0 whereby η = En(λ) can
be solved only locally, i.e. for any countable good covering of Y there exists a
local Lagrangian λi over each subset Ui ⊂ Y such that ηi = En(λi).
A local variational problem is a system of local sections λi of (V
n
r )Ui such that
En((λi−λj)|Ui∩Uj ) = 0. We notice that every cohomology class in H
n+1(Y , IR)
gives rise to local variational problems. We are then faced with the situation
that λ = {λi}i∈I is a 0–cochain of Lagrangians in Cˇech cohomology with values
in the sheaf Vnr , i.e. λ ∈ C
0(U,Vnr ); we shall denote by ηλ the 0–cochain formed
by the restrictions ηi = En(λi) (and so will do at any degree of forms). Of
course, if η ∈ C0(U,Vn+1r ), then dη = 0 if and only if η is global. Note that
dλ = 0 implies dηλ = 0, while we only have dηλ = ηdλ = 0 i.e. dλ ∈ C
1(U,Knr )
[4].
Remark 1 Two local variational problems of degree p are equivalent if and
only if they give rise to the same variational class of forms as the image of the
corresponding morphism Ep in the variational sequence.
Noether’s Theorems relate symmetries of a variational problem to conserved
quantities: the concept of a variational Lie derivative operator LjrΞ which is
a local differential operator enables us to define symmetries of Lagrangian and
dynamical forms (as well as of higher degree classes of forms in the variational
sequence) and corresponding Noether’s Theorems [13]. We notice that the vari-
ational Lie derivative sends a diagram of cochain complexes into a diagram
of cochain complexes and thus acts on cohomology classes. The cohomology
class defined by a system of local Lagrangian is related with the cohomology
class defined by the local variational problem given by the system of their local
variational Lie derivative: closed variational forms defining nontrivial cohomol-
ogy classes are trasformed in variational forms with trivial cohomology classes
[20, 21].
We call ({U i}i∈Z, λi) a presentation of the local variational problem and we
remark that an infinitesimal symmetry of a local presentation is not necessarily
a symmetry of another local presentation [11].
Let us now first summarize some preliminary results, partially stated in
[20, 21].
Lemma 1 Let µ ∈ Vpr , with p ≤ n, be a locally variationally trivial p-form, i.e.
such that Ep(µ) = 0 and let δp(µν) 6= 0. We have δp(LΞµν) = 0. Analogously,
let η ∈ Vpr , with p ≥ n+1, be a locally variational p-form, i.e. such that Ep(η) = 0
and let δp(ηλ) 6= 0. We have δp(LΞηλ) = 0.
Proof. In fact, we have a 0-cocycle of currents νi (dνi 6= 0) such that
µ = dHνi and dµν = 0; by using the representation of the Lie derivative of
6classes of variational forms of degree p ≤ n− 1 given in [13], we have
µLΞνi = dH(ΞH⌋dHνi + ΞV ⌋dV νi)
on the other hand, resorting to the naturality of the variational Lie derivative,
we have µLΞνi = LΞµν , so that δp(LΞµν) = 0.
Analogously, we have a 0-cocycle of Lagrangians (case p = n + 1) – or of
variational forms of higher degree (in case p = n + 2 we have a 0-cocycle of
dynamical forms) – λi (dλi 6= 0) such that η = Ep(λi); by linearity
ηLΞλi = En(ΞV ⌋ηλ) ,
and again resorting to the naturality of the variational Lie derivative we have
ηLΞλi = LΞηλ, so that δp(LΞηλ) = 0.
Remark 2 In particular, since we also have LΞµν = µLΞνi = dH(ΞH⌋µν +
ΞV ⌋pdV µν ), from the definition of an equivalent variational problem, we can
state that the local problem defined by LΞνi is variationally equivalent to the
global problem defined by ΞH⌋µν +ΞV ⌋pdV µν . The class µν = dHνi is assumed
to satisfy dµν = 0, i.e. it is a global object. We also notice that ΞV ⌋dV νi =
ΞV ⌋pdV µν + dHφi thus ΞV ⌋dV νi − dHφi is a global object and, in general, its
cohomology class can be non trivial.
Analogously, as a consequence of the fact that ηLΞλi = En(ΞV ⌋ηλ) we have
that the local problem defined by the local presentation LΞλi is variationally
equivalent to the global problem defined by ΞV ⌋ηλ.
2.1 Variation vector fields which are generalized symme-
tries
Let ηλ be the global Euler–Lagrange morphism of a local variational problem.
In the sequel, we will assume Ξ to be a generalized symmetry, i.e. a symmetry
of a class of (n+ 1)-forms η in the variational sequence.
It is a well known fact that Ξ being a generalized symmetry implies that
En(ΞV ⌋η) = 0, thus locally ΞV ⌋η = dHνi, then there exists a 0-cocycle νi,
defined by µν = ΞV ⌋ηλ ≡ dHνi. Notice that d(ΞV ⌋ηλ) = 0, but in general
δn(ΞV ⌋ηλ) 6= 0 [11]. Along critical sections this implies the conservation law
dHνi = 0.
On the other hand Noether’s Theorem II implies that locally LΞλi = dHζi,
thus we can write ΞV ⌋ηλ + dH(ǫi − ζi) = 0, where ǫi = jrΞV ⌋pdV λi + ξ⌋λi is
the usual canonical Noether current; the current ǫi − ζi is a local object and it
is conserved along the solutions of Euler–Lagrange equations (critical sections).
Note that the Noether current ǫi is conserved along critical sections if and only
if Ξ is also a symmetry of λi. It is clear that, without additional information, to
determine the current νi is not a simple matter, specifically when Ξ is not also
a symmetry of the Lagrangian. We also stress that when Ξ is only a symmetry
of a dynamical form and not a symmetry of the Lagrangian, the current νi + ǫi
7is not a conserved current and it is such that dH(νi + ǫi) is locally equal to
dHζi; see also [22]. We shall call (νi + ǫi) a strong Noether current. Notice that
if Ξ would be also a symmetry of the cochain of Lagrangians a strong Noether
current would turn out to be a conserved current along any sections, not only
along critical sections.
We can associate a system of global currents with a system of local conserved
currents by taking the Lie derivatives of the local system, for which δ′(LΞµν) =
δ′(LΞ(ΞV ⌋ηλ)) = δ
′(LΞ(dHνi)) = δ
′(dH(LΞνi)) = 0 holds true. As a result we
have that divergence expressions of the local problem defined by LΞνi coincide
with divergence expressions for the global current ΞH⌋ΞV ⌋ηλ +ΞV ⌋pdV (ΞV ⌋ηλ).
We shall now study variations of conserved currents in a quite general setting
by determining the condition for the variation of a system of local strong Noether
current to be equivalent to a system of global conserved currents.
Lemma 2 Suppose that dλi = dHγij. The condition LΞLΞλi = 0 implies
LΞdHγij = ddHβi, with βi = νi + ǫi + dHωi.
Proof. Since, by linearity, we have LΞdLΞλi = dLΞLΞλi, the condition
LΞLΞλi = 0 implies LΞLΞdλi = 0, i.e. by Noether’s Theorem II we must have
LΞdλi = dHζij , where ζij is the sum of the Noether current associated with
dλi and a form locally given as dνi + dHρij . On the other hand LΞdλi =
ΞV ⌋En(dλi) + dH(jr+1ΞV ⌋pdV dλi + ξ⌋dλi) ≡ ddHǫi, where ǫi is the Noether
current associated with λi.
Since we are assuming dλi = dHγij , we also have LΞdλi = LΞdHγij . On the
other hand, since we assume LΞLΞλi = 0 we also have by Noether’s Theorem II
LΞλi = dHβi, hence from dLΞλi = LΞdλi we get, locally, ddHβi = LΞdHγij , i.e.
(by Noether’s Theorem II we actually have βi = νi + ǫi + dHωi) ddH(νi + ǫi) =
LΞdHγij . Thus LΞdλi = dHζij = LΞdHγij = ddHβi.
Remark 3 The above is also equivalent to the equality dǫi + dνi + dHρij =
d(νi + ǫi + dHωi), i.e. dHρij = dHdωi. Notice that if dHζij = 0, i.e. if Ξ
is a symmetry of dλi, we have LΞdHγij = 0, then dHdβi = 0, which means
dβi = dHψij ; thus finally we can write d(νi+ǫi) = dH(ψij−dωi) = dH(ψij−ρij).
Lemma 3 Let Ξ be such that LΞηλi = 0. If LΞLΞλi = 0 and LΞdλi = 0, then
we have the conservation law dHLΞ(νi + ǫi) = 0, where LΞ(νi + ǫi) is a local
representative of a global conserved current.
Proof. In fact, since we are supposing Ξ being a generalized symmetry, we
have
LΞLΞλi = dHLΞ(νi + ǫi) .
On the other hand LΞdλi = 0 implies ddH(νi+ǫi) = 0, so that the local problem
defined by LΞ(νi + ǫi) is variationally equivalent to the problem defined by the
the global current ΞH⌋µν+ǫ+ΞV ⌋pdV µν+ǫ ≡ ΞH⌋dH(νi+ǫi)+ΞV ⌋pdV (dH(νi+ǫi)) .
8Remark 4 Notice that the condition LΞLΞλi = 0 means that the symmetry Ξ
is not only a generalized symmetry, but it is required to be also a symmetry of
the local variational problem LΞλi.
Definitively, the variational approach to the study of invariance properties of
equations not only provides conserved quantities associated with the invariance
of field equations; when such equations are Euler-Lagrange equations of some
(possibly local) Lagrangian we can make a more precise statement about the
nature of such conserved quantities: under the condition stressed in the above
Remark, they are determined by variations of strong Noether currents for the as-
sociated local system of Lagrangians. Even in the case of a local presentation of
a variational problem, since LΞdλi = 0, such a variation of local strong Noether
currents is equivalent to a global conserved current. This is an improvement to
approaches to mechanics and field theory based on Lie’s invariance theory of
dynamical systems.
Thus consequently we state the following main result.
Theorem 1 The conserved current associated with a generalized symmetry, as-
sumed to be also a symmetry of the variational derivative of the corresponding
local inverse problem, is variationally equivalent to the variation of the strong
Noether currents for the corresponding local system of Lagrangians. Since the
variational Lie derivative of the local system of Lagrangians is a global object,
such a variation is variationally equivalent to a global conserved current.
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